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3RX]\U\DQRYHOFODVVRIDOJRULWKPV
IRUUHVWRULQJDIXQFWLRQIURPDUDQGRPVDPSOH
7DONDW$&$7¶.(.'HF
)97NDFKRY
,QVWLWXWHIRU1XFOHDU5HVHDUFKRI5XVVLDQ$FDGHP\RI6FLHQFHV
0RVFRZ5XVVLDQ)HGHUDWLRQ
$QRYHOFODVVRIDOJRULWKPVIRUUHVWRULQJDIXQFWLRQIURPDUDQGRPVDPSOHLVEDVHGRQWKHFRQFHSWRI
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RI
IHUVDFRQVLGHUDEOHDOJRULWKPLFIOH[LELOLW\LVDSSOLFDEOHWRQRQSRVLWLYHIXQFWLRQVLVLQVHQVLWLYHWRWKH
FKRLFHRIFRRUGLQDWHD[HV$ILUVWLPSOHPHQWDWLRQGHPRQVWUDWHVIHDVLELOLW\RIWKHDSSURDFK
6PDOOUDQGRPUDLQGURSV
FDQKDUGO\KXUWSRX]\U\
2KMR\RIUHVHDUFK
7KHIXQGDPHQWDOSUREOHPRIPRGHOLQJDIXQFWLRQ
IURPDUDQGRPVDPSOHKDVDWOHDVWWZRLPSRUWDQWDS
SOLFDWLRQVPXOWLGLPHQVLRQDODGDSWLYH0&LQWHJUDWLRQ
IRU D UHYLHZ VHH >@ DQG FRQVWUXFWLRQ RI TXDVL
RSWLPDOREVHUYDEOHVIRUGDWDDQDO\VLV>@
7KHFRQYHQWLRQDOYLHZLVWKDWDIXQFWLRQLVDZD\WR
SURYLGHDQXPEHU  I [ IRUDQ\QXPEHU[ +RZHYHU
ZLWK[ PHDVXUHGYLDDILQLWHSUHFLVLRQPHDVXUHPHQW
SURFHGXUHLQFUHDVLQJWKHQXPEHURIXQELDVHGLQGH
SHQGHQWPHDVXUHPHQWVLQFUHDVHVWKHSUHFLVLRQRIWKH
HVWLPDWHRI[E\WDNLQJWKHVWDQGDUGDYHUDJH²EXW
IRU I  RQH RQO\ REWDLQV WKH DYHUDJH    I [ [ G[ϕ∫ 
ZKHUHϕ LVWKHSUREDELOLW\GLVWULEXWLRQIRULQGLYLGXDO
PHDVXUHPHQWVRI[ %\LPSURYLQJWKHPHDVXUHPHQW
SURFHGXUH RQH PDNHV ϕ  PRUH
QDUURZ DQG WKXV FDQ DSSURDFK
     I [ [ G[ I [ϕ →∫ ²EXWRQO\
LI I  LVFRQWLQXRXVDW[2WKHUZLVH
WKH UHVXOW GHSHQGV RQ WKH VKDSH RIϕ +RZHYHU LQ
SUDFWLFHRQHUDUHO\LIHYHUFDUHVDERXWKRZWKHIXQFWLRQ
LVGHILQHGDWWKHSRLQWVRIGLVFRQWLQXLW\
7KHUHIRUHLWLVORJLFDOO\VXIILFLHQWWRGHILQHDIXQF
WLRQ E\ LWV DYHUDJHV     I I [ [ G[ϕ ϕ= ∫  ZLWK DOO
SRVVLEOHWHVWIXQFWLRQVϕ WKDWSRVVHVVFRQWLQXRXVGH
ULYDWLYHVRIDQ\RUGHU WKLV LVD WHFKQLFDO UHVWULFWLRQ
LPSRVHG IRU WHFKQLFDO FRQYHQLHQFH ZLWKRXW ORVV RI
PHDQLQJDQGDUHHTXDOWR]HURRXWVLGHERXQGHGUH
JLRQVHDFKϕ KDVLWVRZQVXFKUHJLRQ7KHDYHUDJHV
I ϕ DUHOLQHDULQϕ DQGRQHFDQGHILQHD³JHQHUDO
L]HGIXQFWLRQ´DVDQDUELWUDU\OLQHDUFRUUHVSRQGHQFH
 I Iϕ ϕ→ DFRQYHQLHQWDEXVHRIQRWDWLRQLVWR
ZULWH     I I [ [ G[ϕ ϕ= ∫  $ IDPLOLDU H[DPSOH LV
'LUDF¶VδIXQFWLRQ
7RGLVFXVVDSSUR[LPDWLRQVRQHPXVW VSHFLI\ WKH
PHDQLQJRIWKHSURSRVLWLRQWKDWDVHTXHQFHRIJHQHU
DOL]HGIXQFWLRQVIQ FRQYHUJHVWRDJHQHUDOL]HGIXQF
WLRQI 7KHFRQYHUJHQFHPRWLYDWHGE\WKHFRQYHQWLRQDO
GHILQLWLRQRIIXQFWLRQVLVWKHSRLQWZLVHFRQYHUJHQFH
LHDFRQYHUJHQFHZLWKXQFRUUHODWHGUDWHVRIDOOQX
PHULFDOVHTXHQFHV    QI [ I [→ IRUDOO[ :LWKLQWKH
IUDPHZRUNRIWKHQHZLQWHUSUHWDWLRQWKHWUXHDUJXPHQW
RIDIXQFWLRQLVQRW[ EXWϕ DQGWKHQRWLRQRIFRQYHU
JHQFHLVPRGLILHGDFFRUGLQJO\  QI Iϕ ϕ→ IRU
DOOϕ ZLWKXQFRUUHODWHGUDWHV,QSUDFWLFHQ VWD\VILQLWH
DQG RQH HQVXUHV D VPDOOQHVV RI WKH GLIIHUHQFHV
 QI Iϕ ϕ− IRUDILQLWHVHWRI Nϕ ϕ= 
:H ZULWH
ZHDN
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I I
→∞
→  DQG XVH WKH TXDOLILHU
³ZHDN´WRGHVFULEHWKLVW\SHRIFRQYHUJHQFHDQGUH
ODWHGQRWLRQVFORVHQHVVHWF$VDILUVWKHXULVWLFDS
SUR[LPDWLRQRQHPD\UHO\RQWKHDQDORJ\EHWZHHQWKH
ZHDNFRQYHUJHQFHDQGPHWULFFRQYHUJHQFHV
7KHUHDUHPDQ\DGYDQWDJHVLQUHSODFLQJWKHDUFKDLF
[[
ϕ

³JHQHUDOIXQFWLRQV´LHPDSSLQJV  [ I [→ ZLWKWKH
VXEWOHU QRWLRQRI ³JHQHUDOL]HG IXQFWLRQV´ LH OLQHDU
PDSSLQJV Iϕ ϕ→  LQ RXU PHQWDO DUVHQDO RI
PDWKHPDWLFDOFRQFHSWV>@,WLVUHPDUNDEOHWKDWVXFKD
ILQHVVHRILQWHUSUHWDWLRQUHVXOWVLQWUXO\SRZHUIXOQHZ
RSWLRQVIRUFRQVWUXFWLYHSUREOHPVROYLQJ,QWKHFRQ
WH[WRISDUWLFOHSK\VLFVRQHH[DPSOHLVWKHORQJVRXJKW
VROXWLRQRIWKHSUREOHPRIDV\PSWRWLFH[SDQVLRQVRI
)H\QPDQGLDJUDPV>@ZKLFKUHTXLUHGDQHVVHQWLDOXVH
RIWHFKQLTXHVRIJHQHUDOL]HGIXQFWLRQVVHHDGLVFXV
VLRQLQ>@$QRWKHUH[DPSOHLVWKHGLVFRYHU\RIWKH
RSWLPDOMHWGHILQLWLRQ>@ZKHUHWKHRSWLPDOFRQILJXUD
WLRQ RI MHWV LV UHJDUGHG DV DQ DSSUR[LPDWLRQ LQ WKH
VHQVHRIZHDNFRQYHUJHQFH,WWXUQVRXWWKDWWKHODWWHU
LGHD KDV DPXFKZLGHU UDQJH RI DSSOLFDELOLW\ DV LV
VKRZQEHORZ
&RQVLGHUDUDQGRPVDPSOHRIYDOXHV{ } 1Q Q[ = RID
UDQGRPYDULDEOH[ GLVWULEXWHGDFFRUGLQJWR   [pi ≥ 
7KHRSHQLQJLGHDRIWKHWKHRU\RIVWDWLVWLFVLVWKDWIRU
1 → ∞ WKHVDPSOHUHSURGXFHVWKHSUREDELOLW\GLVWUL
EXWLRQ  [pi :KDWZRXOGEHDSUHFLVHLQWHUSUHWDWLRQ
IRU WKDW" 0RUH JHQHUDOO\ JLYHQ D UDQGRP VDPSOH
{ }  11 Q Q Q) [ I == ZKHUH ( )Q QI I [= ZKDW¶VWKHSUH
FLVH PHDQLQJ RI WKH VWDWHPHQW WKDW )1  UHSUHVHQW
   I [ [pi LQFUHDVLQJO\ZHOOIRU 1 → ∞ "
5HSUHVHQW )1  DV D VXP RI δ IXQFWLRQV
   1 Q QQ) [ 1 I [ [δ
−
≡ −∑ 7KHQWKHUHTXLUHGSUH
FLVHLQWHUSUHWDWLRQLVDVIROORZV
ZHDN
     1 1
) [ I [ [pi
→∞
→  
LHIRUDQ\WHVWIXQFWLRQϕ WKHVHTXHQFHRILWVLQWH
JUDOVZLWKWKHOKVFRQYHUJHVWRLWVLQWHJUDOZLWKWKH
UKV      I [ [ [ G[pi ϕ∫ LQWKHXVXDOVHQVH
,DPQRWDZDUHRIDWH[WERRNWKDWZRXOGVWDWHWKLVLQ
DQH[SOLFLWIDVKLRQ7KLVPD\EHH[SODLQHGE\WKHIDFW
WKDWPDWKHPDWLFDOVWDWLVWLFVKDGDOUHDG\PDWXUHG>@E\
WKHWLPHWKHLGHDVRIJHQHUDOL]HGIXQFWLRQVRQO\EHJDQ
WREHSXEOLFLVHG>@,WLVLPSRUWDQWWRFOHDUO\XQGHU
VWDQGKRZHYHUWKDWWKHLQWHUSUHWDWLRQLVDQHVVHQ
WLDOVWDUWLQJSRLQWIRUDOOWKHWKLQNLQJDERXWKRZWR
REWDLQPRUHWUDFWDEOHDSSUR[LPDWLRQVIRUWKHUKVLQ
VWHDGRIWKHOKVWKHODWWHUKRZHYHULVWKHRQO\SRV
VLEOHVWDUWLQJSRLQWSHUKDSVDORQJZLWKVRPHDSULRUL
LQIRUPDWLRQDERXWIpi WKDWFDQEHXVHGWRILQHWXQHWKH
DOJRULWKPV
:H ZLOO FDOO VXFK FRQVWUXFWLYH DSSUR[LPDWLRQV
PRGHOVJHQHULFDOO\GHQRWHWKHPDV0[DQGUHTXLUH
WKDWDPRGHO0[SURYLGHFRQVWUXFWLYHDOJRULWKPVIRU
$WKHPDSSLQJ  [ 0 [→ IRUUHDO[ 
%JHQHUDWLRQRIUDQGRP[GLVWULEXWHGDFFRUGLQJWR
0[SURYLGHGWKHODWWHULVQRQQHJDWLYH
6RRQHKDVWRILQGDPRGHO   1 I0 [ WKDWZRXOGEH
FORVHLQWKHZHDNVHQVH WRWKH³UDZ´DSSUR[LPDWLRQ
 1) [  ZKLFK IDFWZRXOG JXDUDQWHH WKDW   1 I0 [ 
UHPDLQVFORVHWR    I [ [pi LQWKHZHDNVHQVH

0RUHRYHULIZHLPSRVHUHVWULFWLRQVRQ   1 I0 [ LQ
DFFRUGDQFHZLWKZKDWHYHUDSULRULLQIRUPDWLRQZHPD\
KDYHDERXW   1 I0 [ ZHPD\KRSHWKDW   1 I0 [ LV
FORVHWR   1 I0 [ LQDVWURQJHUVHQVHXQLIRUPHWF
0DWKHPDWLFDOUHVXOWVRIWKLVW\SHDUHZHOONQRZQ>@
,QSUDFWLFHWKHIROORZLQJW\SHVRIPRGHOVDUHXVHG
L 'HFRPSRVLWLRQDOPRGHOVWKHIXQFWLRQ¶VGRPDLQ
RIGHILQLWLRQ'  LV VSOLW LQWRQRQLQWHUVHFWLQJ VXEGR
PDLQV N N N N ′= ∩ = ∅' ' ' '* DQGWKHPRGHOLV
GHILQHG WR EH FRQVWDQW LQ HDFK VXEGRPDLQ
  FRQVW
N
0 [ =' ' N  FDQ HLWKHU EH IL[HG DV ZLWK
VWDQGDUGKLVWRJUDPVRUIRXQGDGDSWLYHO\
LL *DOLRUNLQPRGHOV    N N N0 [ P [= ∑ 3 ZKHUH
 N [3  LV DQ RUWKRJRQDO V\VWHP RI IXQFWLRQV DQG
   N 1 NP G[ ) [ [= ∫ 3 
LLL 3DUDPHWULFPRGHOVRQHFKRRVHVDIXQFWLRQSD
UDPHWHUL]HGE\DQXPEHURISDUDPHWHUVDQGDGMXVWVWKH
ODWWHUWRILWWKHVDPSOH
LY 7KH9HJDVPRGHOLVHPSOR\HGLQWKH9HJDVURX
WLQHIRUPXOWLGLPHQVLRQDOLQWHJUDWLRQ>@,WLVDGLUHFW
SURGXFWRIRQHGLPHQVLRQDODGDSWLYHGHFRPSRVLWLRQDO
PRGHOV    L L L0 [ 0 [= ∏ 7KHSRSXODULW\RI9HJDV
VKRZVWKDWHYHQVXFKYHU\FUXGHDSSUR[LPDWLRQFDQEH
DYDOXDEOHPRGHOLQPDQ\GLPHQVLRQV
Y .HUQHOPRGHOV /HW  . [  EH DQ\ FRQYHQLHQW
XVXDOO\KDWOLNHIXQFWLRQVXFKWKDW
ZHDNGLP 

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7KHQ LW LV VXIILFLHQW WR UHSODFH WKH LQGLYLGXDO δ 
IXQFWLRQV  Q[ [δ −  LQ  1) [ ZLWK  5 Q. [ [− ,Q
JHQHUDO5 VKRXOGEHVPDOOHUIRUODUJHU1 
YL 11PRGHOV7KHPRVWSRSXODUVLPSOHVWQHXUDO
QHWZRUNV>@DUHGHVFULEHGE\WKHDQDO\WLFDOH[SUHV
VLRQ ( )( )  N N M NM M N0 [ J F J $ [ %= ∑ ∑ + ZKHUHJLVD
VPRRWKVWHSOLNHIXQFWLRQ,IRQHGURSVWKHRXWHUPRVW
J  ZKLFK LV LUUHOHYDQW LQ WKH SUHVHQW FRQWH[W WKHUH
UHPDLQV D OLQHDU FRPELQDWLRQRI URWDWHG DQG VKLIWHG
VWHSOLNHIXQFWLRQV7KLV LV WREHFRPSDUHGZLWK WKH
NHUQHOPRGHOVURWDWHGDQGVKLIWHGVWHSOLNHIXQFWLRQV
URXJKO\FRUUHVSRQGWRLQILQLWH5NHUQHOVSRVLWLRQHGDW
LQILQLWHSRLQWVLQYDULRXVGLUHFWLRQV
7KHNHUQHOPRGHOVYUHPDLQSHUKDSVOHDVWVWXG
LHG7KHDSSURDFK VHHPV WREHFRPH LPSUDFWLFDO IRU
ODUJH1 ²WKHFDVHZKLFKLVRIWHQWKHPRVWLQWHUHVWLQJ
,WFRXOGEHDGYDQWDJHRXVWR³FRQGHQVH´WKHVXPRIδ 
IXQFWLRQVWRDLVPDOOHUQXPEHURILLPRUHUHJXODUO\
GLVWUXEXWHGδ ¶V7KLVPXVWEHGRQHVRDVWRHQVXUHD
ZHDNFORVHQHVVRIWKHFRQGHQVHGVXPWRWKHRULJLQDO
RQH
ZHDN


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δ≈ − + ≡∑     
LHVRDVWRPLQLPL]HWKHGLIIHUHQFHV
1 3) )ϕ ϕ−   
IRUWHVWIXQFWLRQVϕ 7KHQWKHVFKHPHEHFRPHV
V
 
7KHUHSODFHPHQWEDVHGRQPLQLPL]DWLRQRILV
H[DFWO\ZKDWLVHIIHFWHGLQWKHRSWLPDOMHWGHILQLWLRQ
>@5HSHDWLQJWKHUHDVRQLQJRI>@ZLWKDSSURSULDWH
VLPSOHPRGLILFDWLRQVRQHDUULYHVDWWKHIROORZLQJFUL
WHULDIRUILQGLQJ S[ DQG SI
 
2QH LQWURGXFHV DQ 1 3×  PDWUL[  Q S]≤ ≤ 
 Q S Q S] ]≡ − ∑ ≥  DQG VHWV  S Q Q S QI ] I= ∑ 
 S S Q Q S Q QI [ ] I [= ∑   VR WKDW Q S] EHFRPHV WKHXQ
NQRZQ7KHPDWUL[] LVIRXQGIURPWKHUHTXLUHPHQWRI
PLQLPL]DWLRQRIWKHIROORZLQJH[SUHVVLRQ
( )


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Ω = − +∑ ∑ 
7KLVFRQWUROVWKHUHPDLQGHURID7D\ORUH[SDQVLRQRI
LQ Q S[ [−  ZLWKWKHOHDGLQJWHUPVQXOOLILHGE\WKH
DERYHUHVWULFWLRQVRQ S[ DQG SI
 7KHSDUDPHWHU5 
UHPDLQVIUHH
7KHPLQLPDRIΩ5  FRUUHVSRQG WR FRQILJXUDWLRQV
ZLWK  S] HTXDO WRRU7KHVHWRIVDPSOHSRLQWV
ZLWK  Q S] = FRQVWLWXWHVWKHSWKSRX]\U

 S[ DQG SI
 
DUHWKHSRX]\U¶VORFDWLRQDQGZHLJKWRUFKDUJH7KH
GRPDLQVSDQQHGE\DSRX]\ULVDOZD\VFRQYH[FHQ
WHUHGDW S[ DQGLWVUDGLXVGRHVQRWH[FHHG5 
,WVKRXOGEHHPSDVL]HGWKDWWKHFULWHULRQRIPLQL
PL]LQJΩ5 LVDFRQVWUXFWLYHH[SUHVVLRQRIWKHUHTXLUH
PHQW WR PDNH WKH RULJLQDO FRQILJXUDWLRQ RI VDPSOH
SRLQWVDQGWKHUHVXOWLQJFRQILJXUDWLRQRISRX]\U\DV
FORVHDVSRVVLEOHLQWKHZHDNVHQVH
,WLVUHPDUNDEOHWKDWWKHILUVWVWHSRIWKHPRGHOFRQ
VWUXFWLRQZLWKLQWKHSRX]\U\DSSURDFKWKHOHIWGRZQ
ZDUGDUURZLQLVSHUIRUPHGZLWKLQWKHUHDOPRI
VLQJXODU JHQHUDOL]HG IXQFWLRQV ,Q WKLV UHVSHFW WKH
SRX]\U\VFKHPHLVHQWLUHO\QRYHODQGXQXVXDO
$QH[SORUDWRU\DOJRULWKPWRPLQLPL]HΩ5 ZDVRE
WDLQHGE\PRGLI\LQJWKH2SWLPDO-HW)LQGHU>@7R
HQVXUHPDWKHPDWLFDOFRUUHFWQHVVRIWKHUHVXOWLQJPRGL
ILHGDOJRULWKPDQGWKDWVXEWOHEXJVDUHQRWLQWURGXFHG
GXULQJWKHPRGLILFDWLRQ,FKRVHWRZRUNZLWKWKHVWDWL
FDOO\VDIHPRGXODUREMHFWRULHQWHGSURJUDPPLQJODQ
JXDJH&RPSRQHQW3DVFDO>@DQGFKRVHWKHYHULILFD
WLRQYHUVLRQRIWKHRSWLPDOMHWILQGHU>@GHVLJQHGIRU
UREXVWQHVVDVDVWDUWLQJSRLQWIRUPRGLILFDWLRQV
,UHSRUWWKHIROORZLQJLQLWLDOILQGLQJV
 2QHKDVWRFKRRVH3 DQG5 SULRUWRUXQQLQJWKH
PLQLPL]DWLRQ)URPJHQHUDOFRQVLGHUDWLRQV3 VKRXOG
QRW EH FKRVHQ ODUJHU WKDQ ( )2 1  ZKLFK LV ODUJH
HQRXJKIRUSUDFWLFDOSXUSRVHV$QRSWLPDOFKRLFHRI
5 GHSHQGVRQWKHIXQFWLRQLWPD\HJFRUUHVSRQGWRD
W\SLFDOGLVWDQFHRYHUZKLFKILUVWRUGHUGHULYDWLYHVRI
WKHIXQFWLRQYDU\DSSUHFLDEO\
 7KHNH\HOHPHQWRI WKHPLQLPXPVHDUFKDOJR
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